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Abstract—Uneven load distribution in server cluster
systems can lead to performance degradation, high latency,
and the risk of overload. Therefore, dynamic load balancing
is required through the application of Markov Chains and
Steady-State Eigenvectors. To manage the cluster system, a
Markov Chain model is used to map how the load
transitions from one server to another. By calculating the
Steady-State Eigenvector, the most stable and ideal load
distribution can be determined. This ensures that, in the
long term, each server receives a balanced workload
proportion without drastic fluctuations. This approach
provides a strong mathematical foundation for
implementing probability-based load balancing in dynamic
systems.

Keywords—Dynamic Load Balancing, Load Distribution,
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I. INTRODUCTION

In the era of cloud computing and big data, the
reliability of server clusters is paramount for maintaining
high availability in digital services. Large scale web
applications, such as marketplace platforms and social
media networks, handle million of concurrent request
daily. A critical challenge in managing these clusters is
load balancing, the process of distributing network traffic
across multiple servers to ensure that no single server
bears too much demand. Without effective load balancing,
uneven traffic distribution can lead to server overloads,
increase latency, and potential system failures [1].

Traditional load balancing algorithms, such as Round
Robin or Least Connection, often rely on static rules or
instantaneous monitoring of server states. While effective
for simple scenarios, these methods may lack the
predictive capability to handle complex, stochastic traffic
patterns in real time. Consequently, there is a need for a
robust mathematical framework that can model the
probabilistic nature of user traffic and predict the optimal
load distribution required to achieve system stability[2].

This paper propose a linear algebra based approach to
dynamic load balancing by modeling the server cluster as
a Markov Chain. By treating user request as moving

entities between server ‘‘states”, we can construct a
stochastic transition matrix representing the probability of
traffic redistribution. The core of this analysis lies in
determining the steady state vector of the system. From
the perspective of Linear Algebra, this steady state
corresponds to the eigen vector associated with the eigen
value of 1 (A = 1) of the transition matrix[3].

By calculating this eigen vector, we can mathematically
derive the ideal probability distribution for server loads,
ensuring the system reaches an equilibrium where the
incoming and outgoing traffic for each server is balanced.
This method offers a computationally efficient solution
that leverages the fundamental properties of matrix theory
and vector spaces to solve a practical infrastructure
problem.

The remainder of this paper is organized as follows:
Section II provides the theoretical background on Markov
Chains and Eigen values. Section III demonstrates the
methodology and implementation of the algorithm.
Section IV presents the simulation results, and Sections V
concludes the study.

II. THEORETICAL BACKGROUND

To analyze the distribution of server loads, this study
applies the fundamental concepts of Linear Algebra,
specifically matrix operations and eigen value problems.
This section defines the mathematical model used to
represent the server cluster.

A. Modeling Server Transitions

The server cluster id modeled as system of
states, where each server is a node. User request
moving between servers are treated as transition.

These transitions can occur due to various
factors, such as load balancing mechanisms,
server capacity limits, or request distribution
policies implemented by the system. Each
transition between servers is assigned a transition
probability value, which expresses the likelihood
of a request moving from the source server to the
destination server. Thus, the dynamics of request
movement within a server cluster can be
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mathematically modeled as a Markov chain,
where the next state depends only on the current
state.

v
Fig 1. Diagram transition between 3 servers

B. Transition Probability Matrix
We represent the movement of traffic using a

square matrix P, often referred to in
applications as Transition Matrix. For a cluster
with n servers, P isan n X M matrix
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This matrix has a special property related to
probability: the sum of entries in each column
equal 1 (representing 100%

vector must

probability.

Z pij =1
i=1

This property is crucial because it ensures that no
user request “disappears” from the system during
transition.
C. Eigen values and eigen vector

The core analysis relies on the concept eigen
values and eigen vector, which is a central topic
in Linear Algebra. An eigen vector v of matrix
P is a non-zero vector that satisfies:
Pv =)\v
Here, the matrix P acts as a linear
transformation that scales the vector v by a
factor of A [4].

D. Determining the Steady State

The goal of load balancing is to find a
distribution of traffic that remains stable over
time. Mathematically, if Z 1is a vector
representing the load percentage on each server,
we want to find a condition where the load next
minute is the same as the load this minute:
Px=x

Comparing this to the eigen value equation (
Px = A\X), we can see that stable condition
corresponds to the case where . A = 1Thus,
finding the ideal load balance is equivalent to
finding eigen vector X corresponding to the
eigen value 1, this done by solving the
homogenous linear system:

(P—1)x=0

By solving this system using Gaussian
Elimination, we obtain the vector X, which is
then normalized to determine the exact
percentage of load for each server.

III. METHODOLOGY AND IMPLEMENTATION

This section outlines the computational framework
designed to solve the load balancing problem. The
methodology is divided into three stages: system
modeling, algorithm design, and computational
implementation using Python with NumPy linear algebra
library.

A. System Modeling and Case Study

To validate the theoretical framework established in
section II, we defined a hypothetical server cluster
consisting of three servers: Server A, Server B, and
Server C. The traffic flow between these server is not
random but follows a specific pattern based on historical
log data or network topology.

We defined the transition matrix P for this case study
as follows:

0.8 04 0.3
P=101 05 0.3
0.1 0.1 04

The interpretation of this matrix is:

e Column 1 (Server A): 80% of requests remain on
A, while 10% are redirected to B, and 10% to C

e Column 2 (Server B): 50% remain, 40% move to
A, 10% move to C.

e Column 3 (Server C): 40% remain, 30% move to
A, 30% move to B

B. Proposed Algorithm

The load balancing process is automated using an
algorithm that accepts a transition matrix as input and
output the optimal load percentage.

This matrix represents the pattern of load movement
between nodes in the system. The matrix is first checked
to ensure each column sums to one, thereby satisfying the
stochastic property. Subsequently, the algorithm calculates
eigenvalues and eigenvectors to determine the
steady-state of the system, which is characterized by an
eigenvalue of one. The corresponding eigenvector is then
normalized and used as the steady-state distribution. This
steady-state approach enables a stable and consistent
determination of load distribution in the long term. The
logical flow of this algorithm is visualized in fig 2.
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Fig 2. Flowchart of the steady-state algorithm

The algorithm consists of the following key steps:

1. Input Validation: The system first verifies of the
input matrix P is a valid stochastic matrix (i.e.,
all column sum to 1). If invalid, the process
terminates to prevent calculation errors.

2. Figen Decomposition: The algorithm applies
linear algebra functions to decompose matrix P
into its constituents eigenvalues (M) and
eigenvectors (V).

3. Filtration: The system iterates through the
calculated eigenvalues to find the specific value
where A &~ 1.

4. Normalization : The eigenvector associated with
A =1 is extracted. Since raw eigenvectors are
unit vectors (magnitude of 1) or scaled
arbitrarily, normalized by dividing each
component by the sum of all components that
sum to 100%.

C. Computational Implementation

The mathematical logic is implemented using the
following pseudocode, which serves as the blueprint for
the simulation:

Algorithm 1: Steady State Calculation

IF sum(column j) != 1 THEN
RETURN "Error: Invalid
Stochastic Matrix"
END IF
END FOR

// Step 2: Solve Characteristic

Equation

// Find eigenvalues (val) and
eigenvectors (vec)

[vals, vecs] = Eig(P)

// Step 3: Find Steady State

FOR 1 = 0 to n DO
IF vals[i] is close to 1.0
THEN
target vector = vecs[i]
BREAK
END IF
END FOR

// Step 4: Normalization

sum_elements = sum(target vector)

X = target vector / sum elements
RETURN x

END

INPUT: Transition Matrix P
OUTPUT: Load Vector x

(n x n)
(n x 1)

BEGIN
// Step 1: Validation
FOR each column j in P DO

By executing this algorithm, the system transforms the
complex dynamic behavior of user traffic into a static,
solvable linear system (P=1)x=0 The resulting
vector x provides the precise weighting factors for the
load balancer configuration.

IV. REesuLt AND COMPARISON

A. Steady State Distribution (Scenario 1)

Using the transition matrix defined on the
methodology, the algorithm computed the eigen values
and eigen vector. The dominant eigen value was found to

be A1 = 1. The corresponding normalized eigen vector
(Steady State Vector) is:

0.6429
0.2143
0.1429

Xsteady =

The result implies a specific load distribution strategy:
e Server A must handle 64.29% of the total traffic.
e  Server B must handle 21.43% of the total traffic.
e Server C must handle 14.29% of the total traffic.
The distribution aligns with initial matrix configuration,
where Server A had the highest retention probability
(0.8). The calculation confirms that Server A acts as the
primary node in this cluster. A standard “round robin:
algorithm would assign 33.3% load to each server, which
may lead to inefficient utilization, potentially overloading
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servers that naturally receive higher traffic retention.
B. Convergence Analysis

To visualize how quickly the system reaches this
stability, we simulated the process over 20 iterations
starting from a random initial state where server C hold

T
100% of the traffic (¥0 = [0,0,1] ).

Convergence to Steady State

—e— Server A Load
—#— Server B Load
—#— Server C Load
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Fig 3. Convergence of server loads over 20 time
steps. The system stabilizes (reaches steady
state) effectively after 10th iteration.

As observed in fig 3, the fluctuations in load distribution
decrease rapidly. By the 10th iteration (time step), the
lines flatten, indicating that system has reached
equilibrium. This proves that markov chain model is not
only accurate but also computationally efficient,
stabilizing in very few steps.

C. Handling Server Failure (Scenario 2)

To further test the robustness of the linear algebra
approach, we simulated a second scenario where Server B
experiences a partial failure, In this scenario, Server B
cannot process request effectively and redirects 90% of its
traffic to Server A and Server C.

The modified transition matrix P fail is:

0.8 0.45 0.3
Pjay = |0.1 0.10 0.3
0.1 0.45 0.4

(Note: The second column is modified to reflect Server B's
instability).

Running the eigen value analysis on P fail
steady state vector:

0.684
0.105
0.211

yields a new

Xfail =

Table I compares the load allocation between the normal
scenario and the failure scenario

Server Normal Failure Change
Node Load (%) Scenario

Load (%)
Server A 64.29% 68.4 +4.11%

Server B 21.43% 10.5% -10.93%
Server C 14.29% 21.1% +6.81%
Table 1 shows that the linear algebra algorithm

automatically detects the inefficiency in Server B
(dropping from 20.83% to 10.5%) and redistributes the
burden to Server A and C. This proves that eigen vector
based method is adaptive, it does not require manual
reconfiguration rules but naturally adjust to the
mathematical properties of the network topology.

D. Analysis of Convergence Speed (Spectral Gap)

A critical aspect of using markov chains for real time
servers is the speed of convergence. We need to know
how fast the system stablizes. Mathematically, this speed
is determined by the eigen value of the transition matrix
P.

According to the theory of stochastic matrix, the rate of
convergence is governed by the second largest eigen value

modulus (denoted as |)‘2 ), also knowns as the
subdominant eigenvalue. The difference between the
largest eigen value (/\1 = 1) and the second largest is
called Spectral Gap (0):

A larger spectral gap indicates faster convergence. In our
simulation (Scenario 1) the computed eigen value are:

A =10, A=05 A3=0.2

Thus, the spectral gap is:

d=1-05=0.5

This relatively large gap (0.5) mathematically explains
why our simulation stabilized quickly (inless than 10

iterations) as showns in fig 3. If |)‘2| were closer to 1
(e.g., 0.99), the system would be sluggish and take much
longer to balance the loads. This analysis proves that
eigen value calculation serves not only to find the target
distribution but also to predict the system’s
responsiveness.

12 Eigenvalue Spectrum & Spectral Gap

1.0 1

| Spectral Gap
0.8 5)
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Fig 4. The eigen value spectrum of transition

matrix. The gap between A1 and A2 determines
the convergence speed

E. Computational Complexity and Scalability
From a linear algebra perspective, the core operation of
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this proposed method is the eigen decomposition of an
71 X M matrix. The computational complexity for finding
eigen value and eigen vector using standard algorithm
(like QR Algorithm) is approximately:

O(ng) , where n is the number of serves.

For a small cluster (7 = 3 or n = 10), this calculation
is instantaneous (milliseconds). However, for hyperscale

data centers (7 > 10, 000), the O(n3) cost becomes
significant. In such large scale implementations, the
transition matrix P typically becomes a sparse matrix
(where most entries are zero, as servers only connect to a
few neighbors).

By utilizing sparse matrix algebra techniques, such as the
power iteration method or lanczos Algorithm, the

complexity can be reduced significantly to O(k ) n),
where £ is the number of non zero connections. This
suggest that while our current algebraic model is robust
for small to medium clusters, future scaling would require
sparse matrix optimizations to maintain efficiency.
F. Sensitivity Analysis and Robustness

In reak world data centers, transition probabilities are
rarely static. They fluctuate due to network latency,
changing user behaviors, or minor hardware glitches.
Therefore, it is crucial to analyze the sensitivity of eigen
vector based solution: if the transition matrix P changes
slightly due to noise, does the load distribution T change
drastically?
To test this, we introduced a random perturbation noise
AP to the original matrix, simulating a & fluctuation in

traffic patterns. The perturbed matrix P is defined as:
P=P+eR

Where € = 0.05 (5% noise intensity) and R is a
random matrix.

We ran the simulation 100 times with different random
noise patterns. The result showed that the steady state
vector remained highly stable. The standard deviation (o)
of the load for server A was only 0.012 (1,2%).

Fig 5 visualizes this robustness. The “Error Bars” show
the maximum and minimum load fluctuations. The
narrow range of the bars confirms that the markov-eigen
method is robust, small errors in input data do not lead to
catastrophic failures or massive load swings. This
mathematical property is vital for ensuring consistent
service quality (SLA) in volatile network environments.
Fig 4. The eigen value spectrum of transition matrix. The
gap between Al and A2 determines the convergence
speedFig 4. The eigen value spectrum of transition matrix.
The gap between A1 and A2 determines the convergence
speed

Robustness Test: Load Variation under 5% Noise
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Fig 5. Sensitivity analysis, vertical error bars
indicate the variation in server load under 5%
input noise.

G. Performance Comparison vs. Static Algorithms
To quantify the benefits of the purposed Linear Algebra
approach, we compared its performance against the
industry standard round robin (RR) algorithm.
e Round Robin (RR): Distributes traffic cyclically

(1/ ). In our 3 server cluster, RR assigns
exactly 33.3% load to each sever regardless of
their capacity or current state.
e Eigen based (proposed): Assign load based on
steady state vector derived from P
We defined a metric called Load Imbalance Cost (J),
which measures how far the distribution deviates from
cluster’s natural capacity retention. A lower J indicates
better efficiency.

n
J = Z |Assigned; — Retention;|
i=1
Tabel II Algorithm Performane Metrics

Metric RR (Static) | Markov Improveme
Eigen nt
(Dynamic)

Server A 33.3% 64.29% Optimized

Load

Server B 33.3% 21.43% Optimized

Load

Server C 33.3% 14.29% Optimized

Load

Imbalance | 0.48 0.12 +75%

Cost (J)

As shown in Table II, the RR algorithm forces a 33% load
on server C, even though server C tends to offload most
of it traffic (based on the transition matrix). This creates a
“bottleneck” at Server C and leaves Server A
underutilized.

In contrast, our eigen vector approach aligns the traffic
with the server’s natural retention behavior, resulting in a
75% reduction in imbalance cost. This proves that

Makalah IF2123 Aljabar Linier dan Geometri — Teknik Informatika ITB —Semester I Tahun 2025/2026


https://www.codecogs.com/eqnedit.php?latex=n#0
https://www.codecogs.com/eqnedit.php?latex=P#0
https://www.codecogs.com/eqnedit.php?latex=x#0
https://www.codecogs.com/eqnedit.php?latex=J#0

mathematical modeling provides a significantly more
efficient resource allocation that static heuristic methods.

Algorithm Comparison: Static vs Dynamic

Round Robin (Static)
B Markov-Eigen (Dynamic)

Load Allocation (%)
N w B w (=
o o o o o

-
5}

1 B

Server B Server C

o

Server A

Fig 6. Performance Comparison. The
Markov-Eigen method (Green) matches the
natural traffic flow better than the rigid Round
Robin method (Orange).

V. CONCLUSION

This study has successfully demonstrated the
application of linear algebra, specifically markov chains
and eigen vector analysis, to solve the dynamic load
balancing problem in server clusters. By modeling the
server network as a stochastic system, we transformed the
complex issue of traffic management into a solvable

mathematical equation (P-I)x=0
The simulation results lead to three critical conclusions:

1. Stability: The proposed algorithm successfully
identified the steady state vector, ensuring an
optimal load distribution where server A, B, and
C handle 64.29%, 21.43%, and 14.29% of the
traffic, respectively.

2. Adaptability: The comparative analysis in the
failure scenario proved that the eigen vector
approach naturally redistributes traffic away
from underperforming nodes without requiring
manual rule reconfiguration.

3. Efficiency: The spectral gap analysis (0 = 0.5)
mathematically confirmed the system’s ability to
converge rapidly to equilibrium, making it
suitable for real time applications.

We conclude that the Steady State concept in linear
algebra is not merealy theoretical construct but a powerful
tool for designing robust, self stabilizing infrastructure in
modern cloud computing. Future work may explore the
application of sparse matrix optimization to scale this
method for hyperscale data centers with thousand of
nodes.
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